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A-bstracl

Problems : 1 Topology : derive asymptotic expansions of
WRT invariantsfor3 -manifolds.

2 Number theory : establish quantum modularity for

false theta functions
.

Previous results : Cases which admit single integrals.

Mainresults : Ifornegativedefiniteplumbedmanifolds

2 for general false theta functions .

New techniques : . Poissou summatioen formula with sign .

(admit multiple integrals ) . A framework of
"

modularseries . "
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§ I Main results for topology
Quantum invariants

oK : knot ts ( JN ( K ; q ) ) Ψ、 : coloved Jones polynomial
Today !

。 M . 3 - nfd →( ZK ( M) ) k ,: Witen-Reshetithin-Turaev invariant
E ¢

ophysics : EKCM ] := fezπik -) SCA7 DA - Path integral on

{SE(2) connection on M3 gaugeequivalence/
CSCA ) :=

8Su(AndA + 号 AnAnA ) : Chern-Simousfunctional

> F(L ) v∞ Z (M)
k

Label NUXX、 link

representation of invariant
:=Ʃ FCL)

oMith . M

燕品 :wiaen of L
the quantum group labeling



Asymptotics of quantum invariants

Volume conjecture ( Kashaev , Murakami- eurakami )

K :hyperbolicknot ⇒ IJAk ;e2π ilN ) ( ～exp( volls'、 k ))
N→∞

Witten 's asymptotic expansion conjecture Today !

ZK (M ) ～ 2π iK θ
王

Zo ( K )Ʃ e

k→∞ θ EC 1区 λ

chern - Simons U CCCK
'E ]

invariant of M P2 I

Proved for Seifert homology spheres :

Lawrence - Rozansky ( 1999 ) / Hikami (2006 ) /

Andersen - Mistegard (2022) / Matsusaka -Terashima (2024 )



Main thrt e : negative definite plumbed manifold

⇒ ZK (M ) ～ Ʃ e
2πit θ ヨ

Z
σ
(K )

KD ∞ EEPSCR 14
fin , explicit

¢←》

. M : plumbed a weighted tree
Dehn W

1 ③ ⑨

:⇐> M
surgery@“

W
2

P

⑧ ⑧

冠

w
2

s M : negative definite :⇐) the linking matrix is neg .

def
.

っ U
non- hyperbolic ,
H. CM, 2) = 0 Seifert howdogy spheres , lens spaces



Explicit form of S

s =

fkca
-≠

、
臨 <ew' n… w」 乙 ; ]α ε H'CM , 4 )
,
TiU . . UD = t

Ψ

,

nsi ε Zts
'

satisfying some congruences

where . tY .= { vertices with deg 233 .

. W : the linking matrix .

。 (WU )
'

ESYM ( REY ) : VYXVY - submatrixofhe!

. WS* , ESym (QVs ' ) :definedbyusing
W4
.



EX H- graph & H
. (M ,4 ) = 0 case .

2 2
W
3 ws na n .

⑩

W. Wz

⑦ S = { 0 . 4enwin , 4witp 、Pa , 4iP 、 P2
⑧ ⑧ 心

⑧ ㉘

w
4 W

6
n = (品 ) ε P2 × E }

where wit : = w.
-

w
-

we
,wat :=Wa- w's-wot ,

WY = (,
'

"
ω

x )
,

Pi -= wsw4
,
P
2

:= wswo
.

P := 4 、 (w , 40 w4x ) 、 和 = 区 、 (w54 owo4 )
'



Comparison with asymptotic expansion congecture

Q ( joint work with Terashima )

S = { 0 } 0 { Chern- Simons invariants of M}
る

Rem TrueforSeiferthomology spheres.



§ 2 Proof strategy
Why difficult ?

WRT inv
QCD

FCYzと,…、

*
) 近 our case)EK (M ) Ʃ そ

4K

U (4 - KZ/2k4r
! Manyk ' s appear !

where . Sk : = e
2πick

'

Q : Z ^→4 : a quadraticform.

。 F (Z .
, …

Zr ) EQCE い … … Zr )

ns This expression does NOT yield the asymptotic expansion .

ns Need : Good expression of Z (M).



Proof Strategy

WRT inv
τ → 襃 へ

GPPU inv

Zk く Z (τ )
I

ー

k→∞ ?
2 →一言

V V
3

I e2πikθ Zo (k ) < Z* (τ ) + f Z
** ε ; 3 ) d

θ ES ヒ→ ー k
,
K →∞

I : Radial limit conjecture , cory
" d by Gukou - Pei - Putrow-Vafa

(2020)
proved by YM (2024 )

2 : Quantum modularity }3 : Asymptotic expansious
This talk !



Def M : a negative definite plumbed manifold

～s Gukov - Pei-Putrov - Vafa invariant

Z
。
( q : µ ) := qo Ʃ Fe q

-
ewe 14

ε qo 4[ q 1
lEb + 2W(4

V )

where

. V .= { vertices } . Cauchy principal value

W : the adjacency matrix PVSa
1= 1

a b ε Spin
' CM) ≤
(degwIu

+2
~

2W(ZV) =感。
主 ( Sizに -s+ fa=ieε)

℃ : = _
trW +( 1

4

. Fe : = 品PoCE.- Zi
'
f
-degu Zntadzn

J 2πi Zw
12vl に (



Example : a Brieskorn homo logy sphere Ʃ (2 , 3 , 7 )
-は 1 I

⑨
- 2

③ 一3
I 一2

。 W =

を 一 3 ,

det W = 1
⑧
- 1

さ
ー 7

③ - 7
。 H . (M , 4 ) ≡ 44/W (4 )

= 0

。 Spinc (M ) ≡ ( δ+ 24
)
/2W(44

)= (+ 24/ 4
)

244
,

δ

: =( 3. 1 , ( , ( 1 )

9 +µWR4(3_kーそも
"

)
WRTinvZK(M)=

ーち4K Ʃ と4K
2 (2k) ㎡ (Sak ーち2

k り µε (4、 K4 )4/2k44 そんーそっと、
①^q-o とK

GPPVinv Z0 (q ; M )=ε 暇xc> q =‰guu)xcm)qy
where x : 41844 → 30

,
± 1} rank I

1 , -13 ,-29,41→ 1 false theta function !

ー I,13 ,29 ,~41→ ー 1

otherwise to 0
rankε 420ingeneralns Difficult !



CSinnS ={- mod 4 n ε ( 4 /42 x )
× }

admits E → -k

.② Quantum wodularity for GPPV
inv

& k→∞

Zo ( { ) = q
長 - 10 は . -16 i√

」Z ( q ; M ) +RG )
rank I false theta

where o q := e
2πit

, q : = e
2πii

oZ( q : M ] : = り ^sin型sin芳' sinq
'

θ 三一歳 od を

o R( t ): =
S

. '

ticq84 G(
e2πi 3 )d

3
, G(E ):

=(
Z -

z
)(ε? -z;( z_
Z ー Z

- 1

converges for t
= - k

。 ③ AsymptoticexpansionZk( µ ) 品geaik
θ ZCk) t ④cK)
EC[VEJ

¢
《旅) 》



§ 3 Main results for number theory
Def A false theta function of rank r & depth ad is

Q(m)

⑤
(

τ] : = Ʃ sgu
(Am ) PCu) q '

m εα t 4
r

where Q : Qr→ 2 - pos def quad form , AEMs, r (4 ) : rank d ,

2πiπ

αεQ^ , P(x ) εQ[xJ ,sgu( = sgu (y ) … sn(Ys1 q = と、

MainThr 2 (② Quantum modularity for false theta functions )
ョ ョ

国
(

i) =Σ⑤ に> Rik ) +R に )

(Ei ≤ l 4 4
ー4 hol func on 4 . 30}

false theta fomeof rank er & depthad



Previous works

. Rank I case

o Lawrence - Zagier ( 1999 )
: for radial limits

o Creutzig - Milas (
2014 ) : first proof

o Andersen- Mistegard (2022) , Han
- Li- Sauzin - Sun (2023 )

,

Creu - Fantini_ Goswami - Osbern-Wheeler (
2025) :

proof by resurgence theory
. General rank case

o Bringmann - Nazaroglu (2019 ) : modular completion forPa (

Formulation ofquantummodularity
o Zagier (2010) , Garoufalidis - Zagier (2023 ), (2024) ,
Wheeler ' s thesis (2023 )



Main Thr 3 (③ Asymptotic expansions )

C) E φ ED ,
⑫ (t ) ～ Ʃ ( φ ). (t - 9 )の

τ→φ -x《 je { を

(2) φ = 長 h to fixed

⇒ (5 ( 9 )
～ Ʃ e

2πi θ -告 ℃

a
、 niy
( K )

.

K→∞ FEPSCQ 1Z ゅ

fin
, explicit 4 (( K

㎥
)

Applying ⑰ (e ) as GPPV Tnv Zと <
t恋 Z (τ )

K-コ∞ ② ③~<→一言
V V

n. ThmI . Ʃeztiff Ze (K ) <
③
ぐ

ヒつー ←
、 K→∞



§ 4 poisson summation formula with sign

thm (YM )

品
x
sgu (

m> f(u ) = £
4

'

gu
(u) I( u ) + ff^( ) 、_る

、Cー

where sgulol := t , f (3 ) : the Fourier trasfom of f ,

> 0

C : X X >
ー

1 > 「

Rem .

ヨ
4
「
version Ʃδ terms appear .

C-

. Proof : LELS ; ≥ =③℃+ 2 >

>

> → RHS

Fourier inverse formula

Same strategyasresurgence.Lx× *



Sketch of a proof of Thm 2

False theta functions ( 2 GPPV invariants )

b
⑰ (τ ) = 金

4
rsgucm) fe ;

m)

へ Poisson summation

= 4
r
sgucu)f 氏in )+Ʃ fc_

… + S _
‰ ( )formula with sign

= 回 :)ピ+ 奇 ⑤ :(法 ) RG ) + … + RG )

extend holomorphically to E . do
}

～3 Quantum modularity ! !



§ 5 ' 'Modular series
"

Need to treatcomplicatedfunctiousLeg . GPPV inv )

ns Estabish systematic framework

ns " Kodalar sevies
「
: 4ng (

n)8 ( e; m )、
4 Q(M)9 e. g . q

We prove
:

sgu
x polynomials y periodic maps

。 Integral representation .

Modulartransformation .

. Asymptotic expansions . ( J Stationary phase approximation)



Def Modularseriesis品
4
rgCn) i (e ; m ) , where

0 continuous '

σ hol in τ fltl ,
. T : IHTRT → Est.

{ U axp decay in xfR,
. g

ε E 。 5
.

O TEL ' CIRT ItD)

。 : = Q [xs, LatNx(xi) I (
≤iar , ]a
, NEZ

「
"

quasi- polynomials
n

ー

0⑤ :=408
ua - 入 ) ② < { g :432}
" false quasi- polynomials

"



Key lemma

Def
: =ね [Zt' 」 越li ≤isr. NE 40J

" cyclotomic rational function
"

Lem ≡ 7 ≡ as Q- vecor spaces vid

s
ーm

)。 ℃ → 通 ;GCZ ) →( mε 4^ →
2cG

飛δ
zi

5 Δ
く
。 。

(tE same as in

. しー Ʃ def ofGPPV inu !

- →処 ; G (E ) → (m ε4^ → PV ィs )
(Zil= 1

,

(≤i≤ r



Integral representation

Lem a t : lH xRr→ 4 a as above (e . g .
qQG7 )

。 § ≡ 紀 ≡ 拠
o

⑭

Ψ Ψ
Ψ 〈

,

Re

g (x) ⇒ G (Z) ←→ g Gc)
~

>

⇒ . Ʃ g (u) Ie ; m ) = よ
^fcorG ((e2πiz )、ag εr )δ に ; ) ↓る

mE4「

。 Ʃ g (uy oe ;m
) = pfpr G(

Ce2 πi 3
z)、gεr
)δ 《 ; 3 ) d

ma4r
(ef . median sum )

cf . Laplace integral in resurgence theory .

This lemma ny modulartrasformation&symptotic expansion .



Application : ntegraI representations of GPPV invariants
_ tew

-1
e/4

GPPU inv Z, q ; µ ) : = qo Ʃ Fef ,

lEb +2W(x^ ) Egce) 4 icc ; e )

where N aCe →Fe7 ←→FCZ): :v (En - Zi
'

)
e-deg(u )

SpV εSIを
(ほにし

§

θαε H
'

CM
,
4 )

,

Ʃ e
2πilK (α , b ) Zb (q ; M )

baSpincCu)

ー (V1

= δ
~

-2をwそ
F (Ce2πiw) uew)↓ そっ√ √IH , CM ,4

E

, ,
" firroq



conclusion

I Asymptotic expansions of WRT invariants

2 Quantum modularity / asymptotic expansions for

False theta functions ( 2 GPPV invariants )

3 New techniques :

o Poisson summation formula with sign

o Modular series

Thank you !


