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PLAN FOR THE TALK
1. Khovanov homology—what it is, how it’s built.
2. Building stable homotopy refinements of chain 

complexes in general, and the Khovanov complex 
specifically.

3. Computations of the stable homotopy refinement 
of Khovanov homology.

4. Functoriality of Khovanov homology and its stable 
homotopy refinement.

Most of this talk will be hand-written.



STRUCTURE OF KHOVANOV HOMOLOGY
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Knot diagram K abeliangroups kh K is jt 2 finitelymany non zero harmony
k k us Khisilk Kh K

Jones polynomial 11k1g El DigirankKh Ik
Cobordism E K K ms Fe Kh Kk Kh lk't IJacobsson Khaimov Bu Natan 3

ECHRx1123 28 01441 141 E E FEI Fei

Example Application
Def Gordon81 E K K is a ribbon

concordance if EE 0,1351and
10,13112450113More w no deaths

KT

THI Levine Zemke'inThen Fe is a

split injection
Cor If K R alternating then crossing of
K E crossing of K



CONSTRUCTION OF KHOVANOV HOMOLOGY
11 21 3 1 4 milxoVsV
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Knot diagram Kms cube of resolutions
n

Applythe TQFTV.ie
a

slusV 1ms merge m split D o il

n nExeau This gives a commutate cube K

Make it anticommule byadding signs to 00 to

some edges take thetotalcomplex and Id m
take homology 110411 V V

D Id M

HN a V



STABLE HOMOTOPY REFINEMENTS…
Idea Cohen Jones Segal Blanc Johnson Turner Instead of a complex of

abelian groups build a complex of stable spaces

eg 0 2 7 0 pt SN f SEptdegl.FI 6
fH Cone NullhtpyofgotO 216 O O IIF SNUfDN f3 6 I L

e.g O 202 24 0 S snus g

Iterated care

X depends on thenull homotopy X Comet't only s
w

e.g z o z S pt s
µvgyyDnNullhtpy is a mop Es S

Constant nss vs Hopf E GP Koh

4 step Vg VS VS s fogoh etc
I wsogng xpqsi.hnL fol



…OF KHOVANOV HOMOLOGY
So theproblem of refiningchain complexes has Is built into it bad good
Recall that the Khovarovcomplex is positive y.ioysDxoIdyxoyAboxmap is a mop

gu
ByBggBttBb Edm rm

o YAK VB
Thespaceof box mapswith givercombinatorics is contractible So
refining a complex where allmaps are boxmaps only requires a new choice of
first homotopies G step andonly obstruction is far Second homotopies 4 slept

Thee LSarkar Huknitknit LawsonLSarkar Forthe Khovanov complex such a j
refinement exits and the stable homotopytype of the iterated mapping cone Xalk
is a knot invariant

i i jI NIKI Kh Kl mrs Steenrod operations
l t
Sqn Khiri K Khith K Sq't f

L Sarkar a formula for Sq CanteroMarcin formula for Sqn



COMPUTATIONS

13n2733 14n7720
(Diagrams from SnapPy and KLO)
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HagridBoring examples HEY Mm
Exercise Suppose Hill 0 for it Innthand HIX is 2
torsionfree and it 11 0 Then X E MlHnIA n v tightHnN ntl

Moorespaces H'uRPRpY

Corollary If Kh K is thin leg K alternating then

Lessboring examples
X k t X ofMoorespaces

Thin WhiteheadChang If H.TN O for it In ntl nth and Hill has no odd
torsionthenthestable homotopytype of X is determined by HMX Sq and Sg
In fact X is a wedge SymofMooreSoave
EnW En4112154Rp't En RPYIR.pe Em 1121 11215 es KIBAhas

a an 1121541121

si si si sieges
qffsy

So computing Sop tells you Xenlk it Khlk
has width 3

Seed 3 knot w isomorphr Kh but different XanItendHOMELYppg
I



FUNCTORIALITY up tosign

This LLS Given a linkcobordism Eik 5K there is a welldefined homotopy class of maps
Xents X K X Ik XenHdl Id and thankS Xankloxicals

PI sketch H X K Hix K
similar to Khovanov's proof offunctorialityof Kh tf tf
Represent E by a movie Associatemaps to births death saddle khio.tkfTKhisj

xcalkDveaiIdymRofideemmYe7g7emsh'omotopic
maps by using Xion of tangles.tk

Can detect mapsinvisible to Kh e.g Hopf likemap
55 35112132 CTis ERP 212 t t

Question Are there cobordism E E K K et
FenlstFenld but XealE XXunk t t

Cf Sundberg Swann

l
Question What are useful computable invariants of

maps in this context


